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Outline L

o A Wilson-like approach
e Standard Hamiltonian description of N black holes
e Effective skeleton Hamiltonian

e Application to circular motion
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Motivations

Context: binary black-hole dynamics before/in coalescence;
In particular, investigation of

@ initial conditions

@ seguences of quasi-equilibrium;
determination of the last stable circular orbit

other investigations on binary dynamics: head-on collisions, ...

Existing models: numerical computations exclusively
— use of Wilson approximation in the 2 latter cases
= 3-metric «;; conformally flat

Objective: finding an analytical counterpart of Wilson

=
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Reqguirements for our model

@ Conformal flatness: ~;; o d;; in some splitting

— mere choice for initial conditions
but a priori not physical...

@ Agreement with the Brill-Lindquist solution in the limit when the
momenta pa; = 0

@ Agreement with general relativity

a at the 15! post-Newtonian order
a in the test particle limit

@ Can be derived from a Hamiltonian
— Investigations performed in the ADM framework
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means of 64 = d(x — xa(t))

_ ing T
@ masses = e parameters m 4 entering Tih2 _ vicie

e “Schwarzschild” mass for non-rotating
spherically symmetric bodies

Elements of “justifications”

@ gives the correct equations of motion at order 1/c*
s correct 279 post-Newtonian (2PN) dynamics

@ gives unique result at 3PN when using dimensional
regularisation

«— analytic continuation to dimension d = 3 possible
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A point particle model

Point mass assumption:

Q

Q

possibility of representing the “centre of the field” A by
means of 64 = d(x — xa(t))

_ i pv
masses = e parameters m 4 entering T, particle

e “Schwarzschild” mass for non-rotating
spherically symmetric bodies

Elements of “justifications”

Q

gives the correct equations of motion at order 1 /c*
s correct 279 post-Newtonian (2PN) dynamics

gives unique result at 3PN when using dimensional
regularisation
«— analytic continuation to dimension d = 3 possible

gives the correct Brill-Lindquist solution in the limit p4; = 0
supported by the “effacement” principle
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ADM variables

(3+1) splitting:
e eventzt = (x =z, t = z2%/c)
hyper-surface 3. t =cst
@ g;; = 7vi; = 3-metric of X
Latin indices = 3-indices lowered and raised with ~;; and
v =y
@ (90ig0;7¥ — goo) = N = lapse
go; = IN; = shift
Introduction of the canonical variables:
e (z%,pai) = matter conjugate variables

@ (vij, %) = field conjugate variables
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Hamiltonian for IN point-masses

C4

H(xy, paisYij> ™) = U d®x (NH + N*J;)

16wG
+/ d°x 8;(8;vij — 3z"7jj)]

1 . 1 .
with H = —/AR+— (ﬂ.z.ﬂ.ai = ﬂ_; 2)

2
167TG pAszz 1
Z b4
A=1 C
[super-Hamiltonian]
: 167G X
and J; = —28;m% + w0y — Z PAi0A
¢t Ao

L [supermomentum]

Skeleton Hamiltonian dynamics
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Elimination of degrees of freedom

Necessitate:
@ constraint equations’ H =0and J; =0
@ gauge choice

07 g
ADM gauge: 09; (’m‘ — 3‘7 ’Ykk) =0 =0

guasi-isotropic condition

@ decomposition of the field variables
a decomposition of +;; for a conformal factor ¥#:

Yij = ©*8;; + hy;t with 9;h; T =0

a field momentum decomposition

7w = STF(20;77) + w%‘?T with ijng =0
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@ Deduction of ¢ and % from the constraint equations

H=0 Ji=0
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Reduced Hamiltonian

@ Deduction of ¢ and % from the constraint equations

H=0 Ji=0

@ New conjugate variables h;" and i

@ Final Hamiltonian

A
16mG

C4

B 27G

i TT __ij
H(mAa DPAi, hz‘j s T

/ d’x 0;(05vi; — 9i7jj)

/ d3x AW
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1% ingredient of the model

Yij X 5,,;3'2
« skip the complications due to the h;;" # 0 dynamics
lose of accuracy if v/c large but good in the static limit
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1% ingredient of the model

Yij X 5,,;3':
« skip the complications due to the h;;" # 0 dynamics
lose of accuracy if v/c large but good in the static limit

@ possible (non physical) choice for initial conditions
@ 2PN order error in the acceleration

consequences:
@ i = Py
@ H = H(z%,pa;) = Hamiltonian of the two black holes
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1% ingredient of the model L

Yij X 5,,;3':
« skip the complications due to the h;;" # 0 dynamics
lose of accuracy if v/c large but good in the static limit

@ possible (non physical) choice for initial conditions

@ 2PN order error in the acceleration
conseguences:

@ ;5 = U4y,

@ H = H(z%,pa;) = Hamiltonian of the two black holes

e 7 = 'yik’ﬂ'zc = \11_471';.
= w% = 0 (maximal slicing)

wfj STF (symmetric trace-free)
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Constraints equations for h;." = 0 L

1 . . 27nG PAiDAG r
AV = —— gl — madaP~1 |1
sp7 I * c2 A;l At [ + m? c2 W
; stG X
8.7773 — C3 Z p’LAéA
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Constraints equations for h;." = 0 L

1

1 . . 27nG PAiPAi |2

AV = —— gl — madaP~1 |1
sp7 I * c2 AZ At [ +m2Ac2\Il4
—1

stG X

8.7773 — T T 3 Z pzAéA
c A=1

Program
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Constraints equations for h;." = 0 L

1
2

1 , ;i 2nG pAipAz’]
A\Ilz——wwg— mada P~ 1|1
87 c2 AZ1 At [ +m2Ac2\Il4
87TG
05T
Program

@ solve the super-momentum constraint
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Constraints equations for h;." = 0 L

1
2

1 oG XN PAiPAi
_ i ] -1 2 7
AT = — oo mim = — o ) mada¥ [1 to 3 62\1,4]
A=1 A
. stG
97 = ———— > piada
c A=1

Program
@ solve the super-momentum constraint
@ injectthe solutionin’ H =0
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Constraints equations for h;." = 0 L

1 ., . 2nG PAiDA: r
AV = ———n' ) — mada P~ 1|1
sp7 I * c2 AZ1 At [ +m2Ac2\Il4
87TG
05T
Program

@ solve the super-momentum constraint
@ injectthe solutionin’ H =0
@ solve the super-Hamiltonian constraint

=

Skeleton Hamiltonian dynamics — p.13/29



(7

2" ingredient: specific form of =,

contributes to the
O ()

e \TT __ i \|| ~ 1] — _
)=o)l 27, + 0 (F) = 3PN dynamics

C5



2" ingredient: specific form of =,

contributes to the
O ()

e \TT __ 7 || ~ 1] —_
(7%) " = é(m%)" + 27 )-|—(’)( r) = c® 3PN dynamics

U

@ dominated by k] in the PN regime even for strong fields

@ may be neglected — zero for (unphysical) initial conditions

V Skeleton Hamiltonian dynamics

— p.14/29



2" ingredient: specific form of =,

) contributes to the

iTT il ~ 1 N
()T = ¢(x) + 275, + O (F) = O 3PN dynamics

J
@ dominated by k] in the PN regime even for strong fields

@ may be neglected — zero for (unphysical) initial conditions

: 2
7%, under the form STF(29,V;) = 20;Vj) — g(sijakvkz
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2" ingredient: specific form of =, L

contributes to the

i\TT il ~ 1] 1)y 1 N
(75 = ¢(my)! + 275 + O () = O (&) — 3pN dynamics

J
@ dominated by k] in the PN regime even for strong fields

@ may be neglected — zero for (unphysical) initial conditions

: 2
7%, under the form STF(29,V;) = 20;Vj) — g(sijakvkz

stG X 1
=AV, = — Z [pAq:5A — ZPAjaijA_15A]

3
¢ A=1
G N 2pA7, 1
‘/ti — "3 Z [ 6zgrApAg]
= A=1 rA
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2" ingredient: specific form of =, L

contributes to the

i\TT il ~ 1] 1)y 1 N
(75 = ¢(my)! + 275 + O () = O (&) — 3pN dynamics

J
@ dominated by k] in the PN regime even for strong fields

@ may be neglected — zero for (unphysical) initial conditions

: 2
7%, under the form STF(29,V;) = 20;Vj) — g(sijakvkz

srG Y 1
=AV; = —— Z [pAq:5A — _ijaijA_15A]
c® 4

V; =

/

regular at r4 = |x — x4 | = 0 for appropriate dimensions
Lagreement with Bowen & York

G N 2pA7, 1
P Z [ . 3mrApAg]
_ A
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Flesh and skeleton

U Trlad = \11_77T"J.STF(2(‘9%-V}-)

J 1

—_ \Il_7( — 2%(?771’3— -+ 283(‘/;71'7:7)) =0 (—)

c6
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Flesh and skeleton

U Trlad = \11_77T"J.STF(2(‘9%-V}-)

J 1

c6

. : 1
—_ \Il_7( — 2‘/;83'71'7:7- -+ 283(‘/;71'7:7)) =0 (—)

skeleton flesh
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Flesh and skeleton

\11_771"3.71'31- = ‘P_77T7‘:7-STF(28@"/3')

. : 1
—_ \Il_7( — 2‘/;83'71'7:7- -+ 283(‘/;71'7:7)) =0 (—)

C6
skeleton flesh
Properties of the flesh terms
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Flesh and skeleton

U Trtal = \11_77T"J.STF(28Z-V}-)

7 1

. : 1
= \Il_7( — 2‘/;83'71'7:7- -+ 283(‘/;71'7:7)) =0 (—)

C6
skeleton flesh

Properties of the flesh terms
@ corresponds to a 2PN effect in v;; and H
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Properties of the flesh terms
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Flesh and skeleton

U Trtal = \11_77T"J.STF(28Z-V}-)

7 1

= \Il_7( — 2%(?771’3— -+ 283(‘/;71'7:7)) =

skeleton flesh
Properties of the flesh terms
@ corresponds to a 2PN effect in v;; and H

@ vanisheswhen ps; =0
@ vanishes in the test body limit

()
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Flesh and skeleton

U Trtal = \11_77T"J.STF(28Z-V}-)

7 1

= ¥~ (—2V;9;7% + 20;(Vin})) = O

skeleton flesh
Properties of the flesh terms
@ corresponds to a 2PN effect in v;; and H
@ vanishes when pa; = 0
@ vanishes in the test body limit
Q

contains poles in dimensional regularisation
< compensated by poles in h;} in Einstein theory

()
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3'9 ingredient: zaj(v;;w’?j) — 0 L

elimination of the flesh term

—7_i_J —7 i 167G - —7
) LT — W (— 2Vj(‘9,,;7rj) = p Z \IIX=XAijVj5A
A=1
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3'9 ingredient: 20;(V;m) — 0
elimination of the flesh term

16nG X _
> ¥l ,pa;Vida
A=1

\11_771".3.71'3,; — ‘11_7( — 2Vj8,,;7rij) =3

structure of W

(AW =) fa(x)da
A

N Ga
4 = ¥=1+ ) 4

1 2
=140 (-) at spatial infinity A=y 2rac
r

\

V Skeleton Hamiltonian dynal

1
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3'9 ingredient: zaj(vm’?j) — 0 L
elimination of the flesh term

16w

T Trinl — O (- 2V;0imY) = Z xmxAPA; Vi0a
structure of W
( _
| 1 N Z 27 5C?
vy=1+0 (—) at spatial infinity A=1 "4
\ 7

skeleton super-Hamiltonian constraint
— obtained by inserting ¢ into 'H

=
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Hamiltonian constraint

C
— AV = Z aA(SA
27 G et
~ 1T —4 7
Gap Goac PAiPA:
=D (ma|l+ ) A LA LR ;] 2o
A=1 Bz 2TABC Cza 2TACC mic
\ n i
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I\

Equation for the lapse L

( evolution of 7% in a (3+1) splitting: 8,7 = F" [vg;, Nk, x5, pax]

gauge condition: w** =0

| useful formulae: D;D; N = 20; N9; In ¥ 4 AN, R{/v = —8VAW¥Y

U
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Equation for the lapse L

( evolution of 7*7 in a (3+1) splitting: 8,7 = F* [y, Nk, %, par]
gauge condition: w** =0
| useful formulae: D;D; N = 20; N9; In ¥ 4 AN, R{/v = —8VAW¥Y

I\

U

3 .
NAY + A[¥N] = ¥~ "Nrin]

ArG . > PAiPA; paipai \"?
+—4 o N Z 0A L4+ ——
C o ma moycew
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Equation for the shift function

Evolution equation for “y;;

Lo (2 kvii) + 2D N
J— i.:— W’i._ﬂ ’i' ’i .
- tVij NG J ki (i4V3)

with 2D Njy = Y@ N* + 7;9; N* + N* 9y,
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Equation for the shift function

Evolution equation for “y;;

Lo (2 *~ii) + 2D N
J— i.:— W’i._ﬂ ’i' Z. .
- tVij NG J ki (24V35)

with 2D Njy = Y@ N* + 7;9; N* + N* 9y,

Conformal flathess

1 1
Yii — §7kk5ij =0 — O ("Yij — —")’k,k(sij) =0
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Equation for the shift function

Evolution equation for “y;;

Lo (2 *~ii) + 2D N
J— i.:— W’i._ﬂ ’i' Z. .
- tVij NG J ki (24V35)

with 2D Njy = Y@ N* + 7;9; N* + N* 9y,

Conformal flathess

1 1
Yii — §7kk5ij =0 — O ("Yij — —")’k,k(sij) =0

U
STF(9;N7) = — v~ °Nr*
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Equation for the shift function

Evolution equation for “y;;

Lo (2 *~ii) + 2D N
J— i.:— W’i._ﬂ 'i' Z. .
- tVij NG J ki (24V35)

with 2D Njy = Y@ N* + 7;9; N* + N* 9y,

Conformal flathess

1 1
Yii — §7kk5ij =0 — O (’Yij — —")’k,k,(sij) =0

U
STF(9;N7) = — v~ °Nr*

in particular: ~ AN* + £8;; N7 = —20; (\If‘ijwg)
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Lapse function L

Auxiliary quantities natural to pose: N = x/¥ with lim N =1

|x|—4oc0
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Lapse function L

Auxiliary quantities natural to pose: N = x/¥ with lim N =1

|x|—4oc0
2

=

N
Ay = 0 with li =1
o AX Az::l Bada im  x

|x|——+o0
o

le_z GBa

2
A:12rAc

V Skeleton Hamiltonian dynamics — p.20/29



Lapse function

Auxiliary quantities natural to pose: N = x/¥ with lim N =1

|x|—4oc0
2

=

N
Ay = 5o with lim =1
o AX Az::l Bada X

|x|——+o0
o

(1o Y G

2
e 2racC

Elimination of the flesh term

—1 _§ —8 t,..J
v XA\II+AX_4\IJ X0

ArG ¢ al PAiPA; paipai \"?
+— ¥ ) da 14+ —
ct frond ma m*5 c2 W4

1
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Lapse function L

Auxiliary quantities natural to pose: N = x/¥ with lim N =1

|x|—+o0
2 N
= Ay = ) with lim =1
167G Az_:ﬂ“‘ 4 x—>t00
2
GBa
x=1- Z 27 5 C2
A=1
—_— _ £ the flesh replaced by
Imination ot the tlesh term / 127"GZ (%) V;é
A=1{g8)x=xaPAj A

—1 _§ —8 t,..J
U~ xYAW + Ay = \IJ X0

4G PAiDPA: paipai \"?
T X Z 0a 1+ =y
ct o ma moycew
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Skeleton Hamiltonian for 2 black holes

equations satisfied by ¥; = ¥,_,, and ¥,
deduced from the linear independence of the § 4’s

1

Gmo p% ) ?
v, =1 1
! + 21r12c2W, ( t mac2W;
Gm 2 2
Yo =1+ 21 (1+ 217; 4)
21r12c4W, mics\W7
2
where \Ill =1 -+ and 7o = |X1 — X2|
r1202
cl
H=—2 /dSXA\If:cz(a1+a2)
T
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Skeleton field for 2 black holes |

3-metric as

. G
Yij = \P45ij with ¥ =1+ (
2¢c2 \ rq

8%

T2

)



Skeleton field for 2 black holes |

3-metric

Lapse function

obtained by projection of the lapse equation on 4 4

. G
Yij = \P45ij with ¥ =1+ (
2c?

(851

T

8%

)

T2

GmA —4 7pA'i(‘/;Zx:xA)
xXB =1— > ¥v,xa
T12C macC
—1/2
PAiPA: o PAiPAi 6
1 3w v
+ [ t mic2\Ilj] [ A m2 c? t A]}
G
where x1 =1 — P>
2T1262
: . G
= lapse given by N = X with x =1+ (Bl + @>
\/j 2c? \ rq To

=
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Skeleton field for 2 black holes (11)

Shift function

1



Skeleton field for 2 black holes (11) ~ ©

Shift function

@ 2" skeleton approximation: 2PN flesh term neglected in N*
8wl

c3

N
UON > paida
A=1

8; (TONmh) — OO Noml = —
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Skeleton field for 2 black holes (11) ~ ©

Shift function

@ 2" skeleton approximation: 2PN flesh term neglected in N*
8w

c3

N
UON > paida
A=1

8; (TONmh) — OO Noml = —
@ integration of the shift equation ~ integration of J;

e (1 1
N* = — g XA\I’A —ijaq:j"“A — 4Apai—
c® 2 TA
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Skeleton field for 2 black holes (11) ~ ©

Shift function

@ 2" skeleton approximation: 2PN flesh term neglected in N*
8w

N
5 YN ) paida

A=1

8; (TONmh) — OO Noml = —

@ integration of the shift equation ~ integration of J;

e (1 1
N* = — g XA\I’A —ijaq:j"“A — 4Apai—
c® 2 TA

Komar mass M :

2
M-I-O(i) = MZ}Z(QA‘FBA)
2A:l

c?|x| x|

N =1 —

=
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Equations of motion

Obtained by means of an implicit differentiation

2
Ty = (1 —¢2)07; + (1 — (1)03,]
1 (1 . CICZ) 11 21
2
Prs ——
(1 — ¢1€2)
. - Gman P> z
with 7%, =— 12 (1 A )
A 2¢27r2,W 4 t m2c2P4
Naz =—Ma;
xXB — 1
Ca =
XA
= Gp1i P>
L Oar = (1 oz 4)
2maciria ¥y m*4 c2¥

4

: : 2 :
(1= Ca)mh — (1 = Co)mb] = — (1 + W2 — 2)mi,

GO1; (PAj VAj /7“12)

203\11174

2 G Op,,;(pajVajy)

7
2¢c3r12¥ Y
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CIRCULAR MOTION
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Circular orbits L

PN calculation of H = {H — (mq + m2)c?}/p, [p=reduced mass]

(%)

e + O (e™1?)
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Circular orbits L

PN calculation of H = {H — (mq + m2)c?}/p, [p=reduced mass]

i)

2 n+tl (
= Z Z € -+ @ n—|—2)
A=1 i1=1

Center of mass: p;1 +p2 =0
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Circular orbits L

PN calculation of H = {H — (mq + m2)c?}/p, [p=reduced mass]

o'

2 n+tl
=Y eroE™)

Center of mass: p;1 +p2 =0
Circularity:
@ n,p1; = ni,p2; =0,

G(mi +mz2) , .,

Q@ Pi1iP1i = 2 K
12
o 8I:I(r12aj) —0
8’)"12
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Circular orbits

1

PN calculation of H = {H — (mq + m2)c?}/p, [p=reduced mass]

ntl ()
z' ( n+2)

2
1= ) 2
A=1i=1 M
Center of mass: p;1 +p2 =0
Circularity:
@ n,p1; = ni,p2; =0,

G(mi +mz2) , .,

Q@ Pi1iP1i = 2 K
12
o 8I:I(r12aj) —0
8’)"12

L theorem: ADM mass = Komar mass
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Equality of Komar and ADM mass (1) L

@ dependence of a4 for circular motion

XA = aA(\IJA(ra 3)7 T,j)



Equality of Komar and ADM mass (1) L

@ dependence of a4 for circular motion
A — aA(\IJA(raj)araj)

@ relation between a4 and 34

ap — Ba—

804A ,BA BaA 1 < \I’A>
XA

OTs  xa Oriz  27r1o

< can be checked explicitly
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Equality of Komar and ADM mass (1) L

@ dependence of a4 for circular motion
A — aA(\IJA(raj)araj)

@ relation between a4 and 34

804A ,BA BaA 1 < \I’A>
OW 5 X A 0ri2 2712 X A
< can be checked explicitly
@ implication of circularity
OH . ] 2. . ]
(ri2,7) —0 Z aa(r12,7) —0

8’)"12

2
/3A8\IIA 1 LU .
L = SR st
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Equality of Komar and ADM mass (| I)-I

@ expression of OW 4 /97112

Ga
\IIA(T’ .7) =1+ 32
2’)"126
oW 4 G 35 O
N _ : ( ﬁA—> B O¥p
0ri2 4riac XB XB OT12

< 2 equations for 2 unknowns
oA G

solution
87"12 4’)"1262

(ap+B8B), B# A

@ insertion in the circularity condition 0 H (7r12,3) /0112 = 0

2
result Z (aA — ,BA) =0 < Mapm = Mkomar

L A=1
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Application: last stable circular orbit L

E

o
-0.04 -
(10PN)
L ~.
006! L JEIN)! A(3PN CoIT.)
2PN

* Q( ° )
. Skeleton model (SPI\% (2PN)
: test particle v = 0 I (Wilson)
EOB + Padé approx.
Grandclément et al. ~
Einstein
. Cook
Baumgarte /\
Baker
L 0.06  0.08 0.1 0.12 0.14 0.16  0.18

-0.08 ¢}

V
-0.1}

> 9xODoxme

3/2
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