On a solution in Einstein-Maxwell-dilaton gravity

P. Klepáč^1

Abstract: The existence of Einstein-Maxwell-dilaton (EMD) plus

fluid system for the case of stationary cylindrically symmetric spacetimes is considered. The exact inhomogeneous ε-order solution is found, where the parameter ε parametrizes the non-minimally coupled electromagnetic field. It is shown that the found solution also applies in the string-inspired charged gravity framework.

1 Preliminaries

• We search for cylindrically symmetric stationary spacetimes with existing local coordinates (x^0, x^1, x^2, x^3) = (t, φ, z, r) adapted to Killing fields ∂_t, ∂_φ, ∂_z.

• The metric tensor is written g = η_{μν}Θ^{μ̂} ⊗ Θ^{ν̂}, where (η_{μν}) = diag( 1, −1, −1, −1), and local coframe fields Θ^{μ̂} are defined by Θ^{^0} = e^α( dt + f dφ) , Θ^{^1} = l dφ , Θ^{^2} = dz , Θ^{^3} = e^δ dr , (1) with f, l, α, δ being functions of r only.

• The spacetime is filled with a charged perfect fluid, characterised by the pressure p(r) and the energy density μ(r), and with a massless scalar field – dilaton ϕ(z, r).

• The ε–order EMD action is given by

S =^∫_M^[∗R + 16π ∗ μ − dϕ ∧ ∗ dϕ + 2ε e^ϕ F ∧ ∗F^] , (2)

1Institute of Theoretical Physics and Astrophysics, Faculty of Science, Masaryk University, Kotlářská 2, 611 37 Brno, Czech Republic

where ε is a real parameter, R is the Ricci scalar of the metric tensor, F is the electromagnetic field 2-form.

• We claim to obtain a EMD solution which is of the first order in the parameter ε. One can decompose ϕ into the sum of zero-order solution ϕ^{(0)} and a ε-order correction ϕ^{(1)} as ϕ = ϕ^{(0)} + εϕ^{(1)} . (3)

2 Zeroth-order solution

• The scalar field equation of motion ∗ d ∗ d ϕ = 0 is integrated to ϕ = ϕ_0 + ϕ_1z + ϕ_2^∫ l^{−1}e^{δ−α} dr , ϕ_1ϕ_2 = 0 , (4) with constants ϕ_0, ϕ_1 and ϕ_2.

• Bianchi identity u ∧ ∗[μ du + d(p u)] = 0 (5) reduce the problem to solving five equations for six unknowns.

• One obtains a system of two non–linear second–order equations. In particular case when ϕ_2 = 0 the equations (3) and (4) immediately imply ϕ^{(0)} = ϕ_0 + ϕ_1z . (6) This dilaton is common in papers [2, 3, 4]. Dilaton blows up at the z-infinities, which can be condidered as additional sources of scalar charge.

• The solution of the Einstein equations can be written in the form ds^2 = e^{2α} ( dt + f dφ)^2 − l^2 dφ^2 − dz^2 − C^{−2}l^{−2} ( de^α)^2 , (7) the metric functions f and l^2 being given by f = − Ω C e^{−2α} + F , C^2l^2 = Ω^2e^{−2α} + 1 4 ϕ^2_1e^{2α} + Dα + E , (8) with Ω, C, D, E, F as integration constants. The formula (8) is expressed in terms of an arbitrary non-constant C^2 function α that reflects the radial coordinate rescaling possibility.

3 First-order solution • A charge is distributed with a current density j(r, z) through a spacetime. Consider the case when the Lorentz force acting on the fluid particles vanishes. In the fluid rest frame only a magnetic field survives. Excluding the spacetimes with currents parallel to the axis the electromagnetic field 2-form is given by F = B_{r̂} Θ^{^1} ∧ Θ^{^2} + B_ẑ Θ^{^3} ∧ Θ^{^1} . (9) • Generalized Maxwell equations are − ∗ d ∗ (e^{ϕ(0)} F ) = 4π ε j . (10) • Since we neglect terms of O(ε^2), we have arrived to the following conditions for the electromagnetic field ∗(u ∧ F ) ∧ Θ^{^2} = 0 , u ∧ ∗F = 0 . (11) The conditions (11) are solved by a purely longitudinal magnetic field, parallel to the rotation axis, B_ẑ = Be^{− 12 ϕ(0)−α} , B = const . (12) Fluid particles are the charge carriers, j = ρu.

• The exterior derivative of (12) does not vanish which means that we deal with a current of the magnetic monopoles. One has to introduce a magnetic charges current density 1-form j_m by 4π ε j_m = ∗ dF = − 1 2 Bϕ_1e^{− 12 ϕ(0)−α}Θ^{^0} . (13)

• The dilaton according to the (4) becomes equal to ϕ = ϕ_0 + ϕ̃_1z , where ϕ̃_1 is constant including ε–order correction.

• The Bianchi identity in our case, provided that the scalar field equation of motion (4) is fulfilled, is

u ∧ ∗[μ du + d(p u) + ε ρ e^{ϕ(0)} F ] = 0 . (14)

• One obtains the metric (7) with the following functions f = − Ω C e^{−2α} + F , C^2l^2 = Ω^2e^{−2α} + 1 4 ϕ̃^2_1e^{2α} − 2εB^2α^2 + Dα + E.

(15)

• The energy density, the pressure and the charge density are 16πμ =^[D + 2εB^2 (1 − 2α)^] e^{−2α} − ϕ̃^2_1 , 16πp =^[D − 2εB^2 (1 + 2α)^] e^{−2α} + ϕ̃^2_1 , 2πρ = −εΩBe^{12ϕ(0)−3α} . (16)

4 Case with more scalar fields

• It is straightforward to generalize the zeroth order solution (8) and the first order solution (15) in the case when more scalar fields are present. The motivation comes from string theory. We shall consider N massless scalar fields ϕ_i, i = 1, 2, ..N, and N non-minimally coupled massless scalar fields ψ_i. The total action (2) can be rewritten as

S =^∫_M^[∗R + 16π ∗ μ + 2ε e^ϕ F ∧ ∗F −^∑_i ( dϕ_i ∧ ∗ dϕ_i + e^{−2ϕi} dψ_i ∧ ∗ dψ_i)] . (17)

4.1 Zeroth order in ε • The Klein-Gordon equation for each of the scalar fields ϕ_i still holds, while the equations of motion for the scalar fields ψ_i are given by ∗ d(e^{−2ϕi} ∗ dψ_i) = 0 . (18) • Provided that neither ϕ_i nor ψ_i depends on the radial coordinate one has ϕ_i = ϕ_{i0} + ϕ_{i1}z , ψ_i = ψ_{i0} + e^{ϕi}ψ_{i1} , (19) which inserted into the (18) yields ϕ_{i1}ψ_{i1} = 0. In (19) ϕ_{i0}, ϕ_{i1}, ψ_{i0}, ψ_{i1} are integration constants.

• Thus the only non-trivial zero-order solution is given by ϕ^{(0)}_i = ϕ_{i0} + ϕ_{i1}z , ψ^{(0)}_i = ψ_{i0} . (20) The solution (8) remains unaffected provided ϕ^2_1 is replaced by Φ^2_1 =^∑ ϕ^2_{i1}.

4.2 First order in ε • We continue to keep our Ansatz (12) for the electromagnetic field. It also means that scalar fields ϕ_i are given by ϕ_i = ϕ_{i0} + ϕ̃_{i1}z , (21) with constants ϕ̃_{i1} including the ε-order corrections to ϕ_{i1}.

• The resulting metric and physical quantities are still given by (15) and (16) provided ϕ̃^2_1 is replaced by Φ̃^2_1 =^∑ ϕ̃^2_{i1}.

• Solving the equations of motion (18) for the fields ψ_i one obtains

ψ_i = ψ_{i0} + εe^{ϕi1z}[A_i cos(v_iz) + B_i sin(v_iz)] η_i(r) , (22)

where A_i, B_i and v_i are arbitrary constants and the functions η_i are solutions of second-order equations that can be transformed into the form e^{−2α} d dm l^2 dη_i dm − (ϕ^2_{i1} + v^2_i ) η_i = 0 . (23)

5 String-inspired theory of gravity

• The total string-inspired effective action (2) can be rewritten as [3, 5]

S_{eff} =^∫_M^[∗R + 16π ∗ μ + 2ε e^ϕ F ∧ ∗F − 4ε ψ F ∧ F

−^∑_i ( dϕ_i ∧ ∗ dϕ_i + e^{−2ϕi} dψ_i ∧ ∗ dψ_i)

− 8π^2ε^(e^ϕe(M) + 4ψp_1(M)^{)]} . (24)

In terms of the inverse string tension α^′ (Regge slope) and the string coupling constant g the parameter ε is expressed like ε =^{α′}_{4g2} . The Euler class e(M) and the first Pontrjagin class p_1(M) of T M in (24) are in four dimensions equal to e(M) = 1 8π^2 ( R_{αβγδ}R^{αβγδ} − 4R_{αβ}R^{αβ} + R^{2)} η (25) and p_1(M) = − 1 8π^2

Tr Ω∧Ω = − 1 32π^2 R^{αβ}_{γδ}R^{στ}_{αβ} η^{γδ}_{στ} η , (26) η is the volume element with components η_{αβγδ}. The fields ϕ_N ≡ ϕ and ψ_N ≡ ψ may be referred to as the dilaton and axion respectively.

• We keep an extra contribution arising from a field μ. Physically it may represent an energy density of a fermionic matter, that is in our model approximated by a perfect fluid of a pressure p.

• For the basis (1) it turns out that the term as well the Euler class (25) as well as the Pontrjagin class (26) are identically vanishing.

• Since the magnetic field (12) is purely longitudinal, our problem reduces to the Einstein-Maxwell-dilaton plus fluid system.

• This completes the proof that the metric (15) after appropriate replacement ϕ̃^2_1 → Φ̃^2_1 =^∑ ϕ̃^2_{i1} constitutes string-inspired solution. The scalar fields are given by (21) and (22), subject to the equation (23).

References

[1] G. W. Gibbons and K. Maeda, Nucl. Phys. B298, 741 (1988) R. Lazkoz, Phys. Rev. D 60, 104008 (1999) M. V. Yurova, Gen. Rel. Grav. 32, 2219 (2000) D. Clancy, A. Feinstein, J. Lidsey and R. Tavakol, Phys. Rev. D 60, 043503-1 (1999)

[2] J. D. Barrow and M. P. Da̧browski, Phys. Rev. D 58, 103502 (1998)

[3] P. Kanti and C. E. Vayonakis, Phys. Rev. D 51, 103519 (1999)

[4] M. J. Rebouças and J. Tiomno, Phys. Rev. D 28, 1251 (1983)

[5] N. E. Mavromatos and J. Rizos, Phys. Rev. D 62, 124004 (2000)