The ADM canonical approach to the problem of motion of binary black holes

Gerhard Schäfer Theoretisch-Physikalisches Institut Friedrich-Schiller-Universität, Jena

Outline • ADM Hamiltonian and Routh Functional • Brill-Lindquist vs Misner-Lindquist BHs • Contact Transformation • Post-Newtonian Expansions • 3PN Binary BH Conservative Dynamics • Dynamical Invariants • Discussing ISCOs

ADM Hamiltonian and Routh Functional

g^{1/2}R = 1 g^{1/2} ( π^i_j π^j_i − 1 2 π^i π^j ) + 16πG c^3 ∑ a ( m^2_ac^2 + g^{ij} p_{ai}p_{aj} )_{1/2} δ_a

−2∂_j π^j_i + π^{kl}∂_ig_{kl} = 16πG c^3 ∑ a p_{ai}δ_a

3 Cordinate Conditions: g_{ij} = ( 1 + 1 8 ϕ )_4

δ_{ij} + h^{TT}_{ij}

CC: π^{ii} = 0, π^{ij} = −g^{1/2}(K^{ij} − g^{ij} K), π^i = π^{ij} h^{TT}_{ij} unique decomposition: π^{ij} = π̃^{ij} + π^{ij}_{TT}

π̃^{ij} = ∂_iπ^j + ∂_j π^i − 2 3 δ_{ij} ∂_kπ^k π^{ij}_{TT}c^3/16πG: canonical conjugate to h^{TT}_{ij} ADM Hamiltonian H [ x^i_a, p_{ai}, h^{TT}_{ij} , π^{ij}_{TT} ] = − c^4 16πG ∫ d^3x Δϕ [ x^i_a, p_{ai}, h^{TT}_{ij} , π^{ij}_{TT} ]

Routh functional R [ x^i_a, p_{ai}, h^{TT}_{ij} , ∂_th^{TT}_{ij} ] = H − c^3 16πG ∫ d^3x π^{ij}_{TT}∂_th^{TT}_{ij}

δ ∫ R(t^′)dt^′ δh^{TT}_{ij} (x^k, t) = 0, ṗ_{ai} = − ∂R ∂x^i_a , ẋ^i_a = ∂R ∂p_{ai} conservative Routh functional:

R_c(t) = 1 2 [R_{on}(t) + R_{on}(−t)] on-field-shell Routh functional: R_{on}(t) = R [ x^i_a, p_{ai}, h^{TT}_{ij} [x^k_a, p_{ak}], ∂_th^{TT}_{ij} [x^k_a, p_{ak}] ]

ṗ_{ai}(t) = − δ ∫ R_c(t^′)dt^′ δx^i_a(t) , ẋ^i_a(t) = δ ∫ R_c(t^′)dt^′ δp_{ai}(t) δ ∫ R_c(t^′)dt^′ δz(t) = ∂R_c ∂z(t) − d dt ∂R_c ∂ż(t) + ..., z = (x^i_a, p_{ai})

Brill-Lindquist vs Misner-Lindquist BHs

− ( 1 + 1 8 ϕ ) Δϕ = 16πG c^2 ∑ a m_aδ_a (h^{TT}_{ij} = 0 = p_{ai})

ϕ = 4G c^2 ( α_1 r_1 + α_2 r_2 ) unique solution, see P.J.’s talk

α_a = m_a − m_a + m_b 2 + c^2r_{ab} G √ 1 + m_a + m_b c^2r_{ab}/G + ( m_a − m_b 2c^2r_{ab}/G )_2 − 1

H_{BL} = (α_1 + α_2) c^2 = (m_1 + m_2) c^2 − G α_1α_2 r_{12}

H^{3P N}_{ambiguous} = ω_{static}(m_1 + m_2)

G^4m^2_1m^2 c^6r^4_{12}

= ω_{static}

G^4M^3μ^2 c^6r^4_{12}

ω_{static} = 0 BL, ω_{static} = − 1 8 ML (shift of positions

H^{3P N}_{induced} = −ω_{static} ( p^2 − 3(n · p)^2

) G^3M^2

c^6r^3_{12} relative to BL)

Thus, coordinate (gauge) transformation (given in CMS):

δH = ω_{static} ( p^2 − 3(n · p)^2

) G^3M^2 c^6r^3_{12}

− ω_{static}

G^4M^3μ^2 c^6r^4_{12}

Conformal-flat assumption only (h^{TT}_{ij} = 0). Then:

No solutions of the constraint equations by dim. reg. (see P.J.’s talk)

Δψ = − 1 8 π^i_j π^j_i 1 ψ^7 − 2πG c^2 ∑ a m_aδ_a 1 ψ (1 + p^2_a m^2_aψ^4

)^{1/2}

∂_j π^j_i = − 8πG c^3 ∑ a p_{ai}δ_a, ψ ≡ 1 + ϕ 8 Particularly puncture-type methods (see below) are not well defined; but skeleton truncation is (see G.F.’s talk).

ψ = 1 + G 2c^2 ( α_1 r_1 + α_2 r_2

) + u ψ_aα_a = m_a(1 + p^2_a m^2_aψ^4_a

)^{1/2} (1)

Δu = − 1 8 π^i_j π^j_i 1 ψ^7 (2)

ψ_a = 1 + G 2c^2 ∑ b≠a α_b r_{ab} + u_a (3)

The regularization as in (3), used in (1), is incompatible with (2).

H_{ADM} = − c^4 2πG ∫ d^3xΔψ

= ∑ a c^2 m_a ψ_a (1 + p^2_a m^2_aψ^4_a

)^{1/2} + c^4 16πG ∫ d^3xπ^i_j π^j_i 1 ψ^7

Contact Transformation

conservative ordinary Hamiltonian H̄_{co}(x̄^i_a, p̄_{ai}): ˙p̄_{ai} = − ∂ H̄_{co} ∂x̄^i_a , ˙x̄^i_a = ∂H̄_{co} ∂p̄_{ai} H̄_{co}(x, p) ≡ R_c(x, p, ẋ(x, p), ṗ(x, p)), L_c = p_{ai}ẋ^i_a − R_c

L_c(x, p, ẋ, ṗ) = L̄_{co}(x, p) + δL_c δx^i_a ∂R_c ∂ṗ_{ai} − δL_c δp_{ai} ∂R_c ∂ẋ^i_a + Double Zero = L̄_{co}(x̄, p̄) + DZ, x̄^i_a = x^i_a + δx^i_a, p̄_{ai} = p_{ai} + δp_{ai}

δx^i_a = ∂R_c ∂ṗ_{ai} , δp_{ai} = − ∂R_c ∂ẋ^i_a

Post-Newtonian Expansions

R [ x^i_a, p_{ai}, h^{TT}_{ij} , ∂_th^{TT}_{ij} ] − Mc^2 = ∞∑ n=0 ( 1 c^2 )_n R_n [ x^i_a, p_{ai}, ĥ^{TT}_{ij} , ∂_tĥ^{TT}_{ij} ]

h^{TT}_{ij} =^G_{c4} ĥ^{TT}_{ij} ( Δ − ∂^2_t c^2 ) h^{TT} = G c^4 ∞∑ n=0 ( 1 c^2 )_n D^{TT}_n [x, x_a(t), p_a(t), ĥ^{TT}(t), ∂_tĥ^{TT}(t)]

H = H(p, r), p^2 = p^2_r + j^2/r^2, p_r = (p · r)/r circular orbits: p_r = 0, p^2 = j^2/r^2, H = H(j, r) circular motion:^∂_{∂r} H(j, r) = 0 → H(j)

orbital frequency: ω =^{dH(j)}_{dj} → j(ω) → H(ω)

ISCO:^{dH(ω)}_{dω} = 0,^{dj(ω)}_{dω} = 0 [alternatively^{∂2}_{∂r2} H(j, r) = 0]

SBH: E(x) = 1 − 2x (1 − 3x)^{1/2} − 1 = − 1 2 x + 3 8 x^2 + 27 16 x^3 + 675 128 x^4 +

3969 256 x^5 + ...

E(x) ≡ H(x) − mc^2 mc^2 , x = ( GMω c^3 )_{2/3}

3PN Binary BH Conservative Dynamics

H(t) = m_1c^2 + m_2c^2 + H_N + 1 c^2 H_{[1P N]} + 1 c^4

H_{[2P N]} + 1 c^6 H_{[3P N]} + ... + 1 c^5

H_{[2.5P N]}(t) + 1 c^7 H_{[3.5P N]}(t) + ... Ĥ = (H − Mc2)/μ, μ = m_1m_2/M, M = m_1 + m_2 ν = μ/M, 0 ≤ ν ≤ 1/4 test-body case: ν = 0, equal-mass case: ν = 1/4 CMS: p_1 + p_2 = 0, p ≡ p_1/μ, p_r = (n · p), q ≡ (x_1 − x_2)/GM, n = q/|q|

Ĥ_N = p^2 2 − 1 q

Ĥ_{[1P N]} = 1 8 (3ν − 1)p^4 − 1 2 [(3 + ν)p^2 + νp^2_r] 1 q + 1 2q^2

Ĥ_{[2P N]} = 1 16 (1 − 5ν + 5ν^2)p^6 + 1 8 [(5 − 20ν − 3ν^2)p^4 − 2ν^2p^2_rp^2 − 3ν^2p^4_r] 1 q + 1 2 [(5 + 8ν)p^2 + 3νp^2_r] 1 q^2 − 1 4 (1 + 3ν) 1 q^3

Ĥ_{[3P N]} = 1 128 (−5 + 35ν − 70ν^2 + 35ν^3)p^8 + 1 16 [(−7 + 42ν − 53ν^2 − 5ν^3)p^6 + (2 − 3ν)ν^2p^2_rp^4

+ 3(1 − ν)ν^2p^4_rp^2 − 5ν^3p^6_r] 1 q + [ 1 16 (−27 + 136ν + 109ν^2)p^4 + 1 16 (17 + 30ν)νp^2_rp^2 + 1 12 (5 + 43ν)νp^4_r] 1 q^2 + [ ( − 25 8 + ( 1 64 π^2 − 335 48 ) ν − 23 8 ν^2 ) p^2

+ ( − 85 16 − 3 64 π^2 − 7 4 ν ) νp^2_r] 1 q^3 + [ 1 8 + ( 109 12 − 21 32 π^2 ) ν] 1 q^4

Dynamical Invariants

radial action i_r(E, j): i_r(E, j) = 1 2π ∮ dr p_r phase of revolution Φ: Φ 2π = 1 + k = − ∂ ∂j i_r(E, j) orbital period P : P 2πGM = ∂ ∂E i_r(E, j) periastron advance k: k = 1 c^2 3 j^2 { 1 + 1 c^2 [ 5 4 (7 − 2ν) 1 j^2 + 1 2 (5 − 2ν) E ]

+ 1 c^4 [ a_1(ν) 1 j^4

+ a_2(ν) E j^2

+ a_3(ν) E^2 ]}

P 2πGM = 1 (−2E)^{3/2} { 1 − 1 c^2 1 4 (15 − ν)E

+ 1 c^4 [ 3 2 (5 − 2ν)

(−2E)^{3/2} j − 3 32 (35 + 30ν + 3ν^2) E^2 ]

+ 1 c^6 [ a_2(ν)

(−2E)^{3/2} j^3

− 3a_3(ν)

(−2E)^{5/2} j + a_4(ν) E^3 ]} a_1(ν) = 5 2 ( 77 2 + ( 41 64 π^2 − 125 3 ) ν + 7 4 ν^2 )

a_2(ν) = 105 2 + ( 41 64 π^2 − 218 3 ) ν + 45 6 ν^2

a_3(ν) = 1 4 (5 − 5ν + 4ν^2)

a_4(ν) = 5 128 (21 − 105ν + 15ν^2 + 5ν^3)

Discussing ISCOs

circular orbits:

ω_{circ} = ω_{radial} + ω_{periastron} = 2π

1 + k P , x = ( GMω_{circ} c^3 )_{2/3}

c^2E_{3P N} ≡ Ĥ_N + Ĥ_{[1P N]} + Ĥ_{[2P N]} + Ĥ_{[3P N]}

E_{3P N} (x) = − x 2 + ( 3 8 + 1 24 ν ) x^2 + ( 27 16 − 19 16 ν + 1 48 ν^2 ) x^3

+ ( 675 128 + ( − 34445 1152 + 205 192 π^2 ) ν + 155 192 ν^2 + 35 10368 ν^3 ) x^4

ISCO: dE_{3P N} /dx = 0 (representation used to compare with other authors; in approximations, ISCO is representation dependent)

20

• The difference between ‘Wilson’ (2PN, vanishing h^{T T}_{ij} ) and non-rot. 2PN Einstein is just the contribution from the leading order (2PN) h^{T T}_{ij} . Higher PN order ‘Wilson’ does not exist (see page 8).

• An additional extrinsic curvature truncation yields (non-rot.)

skeleton 2PN. The skeleton dynamics exists to arbitrary PN orders. But its a kind of model theory only.

• 3PN corot. vs. 3PN non-rot. (from L. Blanchet 2002) shows the influence of rigidly logged proper rotation at 3PN Einstein theory. The difference mainly results from the proper rotational energy of each object (Iω^2/2) and not from the spin-orbit coupling. Corotation, when approaching ISCO, seems not very realistic.

• The Grandglément et al. (numerical, corotation,

Misner-Lindquist BHs, vanishing h^{T T}_{ij} , CTS approach) value, in regard to 3PN corot. Einstein, fits with the difference between 2PN Einstein and 2PN Wilson.

• The Cook (numerical, Misner-Lindquist BHs, vanishing h^{T T}_{ij} , CTT approach) and Baumgarte (numerical, Brill-Lindquist BHs, puncture method, vanishing h^{T T}_{ij} , CTT approach) values seem to be too strongly influenced by the 1PN dynamics which is controlled by the Bowen-York extrinsic curvature. In the bodies dynamics, the CTT and CTS approaches are identical through 2PN order inclusively (neither ∂_th^{T T}_{ij} nor π^{ij}_{T T} contribute).

References

• P. Jaranowski/G. Schäfer: Radiative 3.5 post-Newtonian ADM Hamiltonian for many-body point-mass systems, PRD 55, 4712 (1997); Third post-Newtonian higher order ADM Hamiltonian dynamics for two-body point-mass systems, PRD 57, 7274 (1998); The binary black-hole problem at the third post-Newtonian approximation in the orbital motion: Static part, PRD 60, 124003 (1999); The binary black-hole dynamics at the third post-Newtonian order in the orbital motion, Annalen der Physik (Leipzig) 9, 378 (2000) • T. Damour/P. Jaranowski/G. Schäfer: Dynamical invariants for general relativistic two-body systems at the third post-Newtonian approximation, PRD 62, 0444024 (2000); On the determination of the last stable orbit for circular general relativistic binaries at the third post-Newtonian approximation, PRD 62, 084011 (2000); Dimensional regularization of the gravitational interaction of point masses, PLB 513, 147 (2001)

• C. Königsdörffer/G. Faye/G. Schäfer: The binary black-hole dynamics at the third-and-a-half post-Newtonian order in the ADM-formalism, PRD 68, 044004 (2003)